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Outline Is'.'s
CiLVA\

1. Introductory concepts
o Collective effects

o Transverse single particle dynamics including systems of
many non-interacting particles

o Longitudinal single particle dynamics including systems of
many non-interacting particles

2. Space charge
o Direct space charge (transverse)
o Indirect space charge (transverse)
o Longitudinal space charge
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Outline

4. Instabilities — few-particle model
o Equations of motion
o Longitudinal plane: Robinson instability

o Transverse plane: rigid bunch instability, strong head-tail
instability, head-tail instability
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Reminder I

E al T aEassS»h >
- >
K Multi-bunch beam S /
Equ_ations of Interaction with the
motion of the external environment

beam particles

4 (E, E) )

Additional electromagnetic field
acting on the beam, besides RF
kand external magnetic fields /
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Equations of
motion of the
beam particles

L

—

Q| &2

EARS /ANS CERN

Additi

actin

Wakes and impedances

Particles traveling through accelerator
elements create trailing electromagnetic
fields whose effect is modeled through
the wake fields

Wakes/impedances are computed

o (Semi-)Analytically — e.g. resistive wall
for simple geometries

o Numerically by means of EM programs
(e.g. CST Studio Suite)
o By means of bench measurements

In a beam, all particles both create wakes
and suffer from them

o The beam suffers energy loss in the
creation of the wake and its interaction
with it

Wakes/impedances from different elements
are combined to create the ‘impedance
model’ of a given accelerator

with the
ronment

kand external magnetic fields j
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Reminder I\wl’s

A 4

Interaction with the
external environment

Additional electromagnetic field
acting on the beam, besides RF
kand external magnetic fields /
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Equations of longitudinal motion

Bunch head

LD

— The single particle (or macroparticle) A(2)dz A(2)dz
in the witness slice A(z)dz feels the Bunch tail
force from
— RF
— The wake left from ‘earlier’ < S
particles z — 2| 7,
— The bunch own space charge /\ /
— The wake contribution can extend to N \/ i \/
several turns
dz
= _ned
a -~ °

do  eVif(z) e

e’g\ (2)

2 o o0
@ _ _ N+ 27k _ 2~ 2nkR)ds —
dt ~ 2mRpy  2mRp ;/ (2 + 2mkR)W) (2 — 2 = 2mkR)dz’ —
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Equations of longitudinal motion !sl'.s

dz
a =
d5 eV g\
_ Vrrle 2+ 2rkR)W) (2 — 2" — 2mkR)dz|— €9 gz)
dt 27TR]90 27TR]?0 . 0 271—60/7 Po

Interaction between bunch and (RF + wake) is
assumed smeared all over the C|rcumference
The wake is assumed to be the sum of the Wake force S;pgce crlmar%e term ated t
wakes from all elements along the ring (i.e. the term ?(n ?sot_ © 7ssoc(|ja © _O
longitudinal wake of the machine impedance F™ (z) & wake function Im;; ance.
model) (sc) g /
Wi(z) = =8 (2)
€07
S(s0) _ wgR
| c2ey?
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Equations of longitudinal motion !h”l.s

dz

2 _nes

a . °

d5 g 2 oo 00 2 )\/
_Vrylz) e Z/ A2+ 2rkR)W) (2 — 2’ — 2nkR)dz" — 9N (2)

dt QWfﬁk) 2ﬂfﬁ%)k:0 p 2ﬂf072p0

H = —177052 — cUlz) + < /sz” i/o)f(z’ + 2nkR)W) (2 — 2’ — 2wkR)dz’
2 2t Rpy 2w Rpg Nt |
0 8
Yo (H) stationary solution of a—w + 2 [;zb 82? 0
vo(H) + 11(2,6,t) alsosolution of Oy + 22— lb %b = 0 with stable ¢1(z, 0, t)

ot 82 85

Regime of potential well distortion (i.e. perturbations to equilibrium solution are damped)

- Stable phase shift Proportional to
- Synchrotron frequency shift intensity
- Different matching (= bunch lengthening for lepton machines)

| é_/
CERN
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Equations of longitudinal motion Is’l’g

QL

dd  eVi(z) e? = [, , e’g\'(2)
— — A 2k — 2 = 27kR)dz —
dt 21 Rpg 21 Rpg kz:%/z (274 2mkB)W) (= — 2 mhE)dz 270 Y2 Po

1 el(z) e? :
H=_—_= 2 T\~ " VA /
27705 = >m R == / dz E_ /Z z— 2 —2nkR)dz

oY L0y -
= T z@ + 5% = 0 with growing ¥4 (z, d, t)

«dinal instability (i.e. perturbations to equilibrium solution grow exponentially)

- Dipole mode instabilities
- Coupled bunch instabilities
- Microwave instability (longitudinal mode coupling)

hJ
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Numerical implementation (longitudinal) I\s‘[s

Znt1 = Zn — 2 RNo,

eVip(zny1) €2 [ e?gRZoN 1 (2ni1)
Ont1 = Op + rfn — n—|—1 WII(Zn+1 -z )dz - 2n—l—
€Po —o0 Y4 Po
SN—1 We assume that interaction
of bunch with (RF + wake +
‘ space charge) lumped at

one or more locations.

This is usually true for RF, it
is a one-kick approximation
for space charge and wake

Wake from impedance
model (can be divided by
number of points, if more
than one)
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Numerical implementation (longitudinal)

Znt1 = Zn — 2 RNo, Single turn wake

5 o 5 eva(Zn‘l'l) €2gRZ0>\,,n_|_1<Zn_|_1)
n+1 — Un + - 2
CPo Y Po
Bunch head

N. —
Z An1(hAzZn 1 )W) [(m — h)Azp 4]

h=m

ni
« N, is the number of slices in which a bunch is | Bunch tailj:

subdmded | | 0123 m N,
* mis the slice index where z,,, is located
Az, is the slice width at step n+1
« Slicing needs to be fine enough as to sample
the wake function Number of
« Slice m included because of energy loss / particles in slice h

* Discontinuity in z=0 make slicing

requirement more stringent (need check of
A1 (hAz 1) = S

convergence of energy loss value) A
Zn+1

CERN
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Numerical implementation (longitudinal) !ﬂ“

Znt1 = Zn — 2 RNo, Single turn wake

5 — 5 eva(Zn"l'l) 62gRZ0>\er—i—1<zn+1)
n+1 — Un + - 5
CPo Y= Po
Bunch head

N. —
Z An1(hAzZn 1 )W) [(m — h)Azp 4]

|

For multi-turn wakes (i.e. preserving memory of the wake over n, turns)
ng Nsl

> Y Angr-k(hAzppa ) Wyl(m — h)Azp i1 — 27kR — (2)ny1-k + (2)ni1]
k=0 h=0

CERN
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Numerical implementation (longitudinal)

Znt1 = Zn — 2 RNo,

y Voslonny) e /An+1(2’)W||(zn+1—Z’)dZ’—eg i1 (%)

5n—|—1 — 5n - 5
CPo CPo J — Y= Po

Bunch head

Azpg1] = Anga[(m — 1)Azp 4]

2A2n+1

0123 m N« Too fine slicing (i.e. too low number of
macroparticles per slice) can be the origin of noise
problems
— If there are no other constraints in the simulation,

slicing can be chosen such as to have a smooth
derivative
— Smoothing can be applied to both distribution
before differentiating and to derivative
« Alternatively, space charge force can be directly
calculated from E; with Poisson solver (3 or 2.5D)
CERN @
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Numerical implementation (longitudinal) !,S”[s

SN—1

l At each interaction point
macroparticles in each slice

receive the kick from the
wakes of the preceding
slices.
Slicing is refreshed at each
turn taking into account the
longitudinal motion

2
=
(¢]

o
\ 4
2
=
(¢°]

[EEN

——> ———=> | Slicem [—> —— —>|Slice N1

Longitudinal wake

Wm = Wll(m AZ) m N1
/1 R g) Wi % WiNi

Energy loss

CERN
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. . (0]
Equations of transverse motion \M&

— The single particle (or macroparticle) in 3
the witness slice A(z)dz feels the force A(2)dz A2")dz
from Bunch tail
— External focusing I I.
— The wake left from ‘earlier’ | Bunch head
particles < s
— The bunch own space charge 2 =2 7,
ds \ v
dx’ ’
- 4 Q:z:O =0
ds R
2 o0 o0
S / M2 + 26nR) Wz — ' — 2k R) (@) (2 + 2krR) +
27TRE() Y —oo
+ Woe(z — 2/ — 2kmR)x]dz" +
—I—)\(Z) . F (x _ <£IZ> (Z)) Il:l)gg:igzﬂrs;grce depending on the

CERN
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. . (0]
Equations of transverse motion \M&

— The single particle (or macroparticle) in 3
the witness slice A(z)dz feels the force A(2)dz A2")dz

from Bunch tail I Il

— External focusing
| Bunch head

— The wake left from ‘earlier’

particles < —>
— The bunch own space charge [z =2
ds Vo
dx/ 4+ Q:z:O ’
- r =
ds R
- _ e i /OO ANz 4+ 2kTR)[W, (2 — 2" — 2knR){z) (2" + 2k7R) +
27TRE() o —o© :
+ Woe(z — 2/ — 2kmR)x]dz" +
2 o .
e“Az)|(x — (x)(z A simplified | d
N (2) (@ = {7)(2)] e

€0 E() <0x> (Z) [<O'a;> (Z) -+ <O'y> (Z)] Gaussian transverse distribution

CERN
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Equations of transverse motion !ﬂ’[s

dx ,
% = N.B. From now on, here we will omit the summation
over the previous turns and space charge term

d (QRfO)Q vm g [ A WL~ ) + Waale —

— OO0

dz 5 ~N
- = _/'7

ds Need to couple to equations of longitudinal
> motion because of z-dependent wake

d_5 _ eVry(2) > Neglect longitudinal wake
ds 27TREO _)
1 QwO QxO 2 R 12 GU(Z) URS
H = — 15
2 R [(R)er(on)x T orrE, 20 T




Equations of transverse motion !s’rs

("
R
= cos 6
Change of variables in the transverse phase plane < on
X, X' 2 J,, 0,
_ R
0
Yo (H) stationary solution of 9% + 2/ == oy 45 == oy + O Ly Y —0

ot 0z 00 toJ, " 00,
vo(H) + Y1(Jz, 0z, 2, 0,t) alsosolution with stable 1q

Beam transversely stable (i.e. perturbations to equilibrium solution are damped)

- Head-tail modes
- Coherent betatron tune shift with intensity

S
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. . |
Equations of transverse motion \M&

Yo (H) stationary solution of _TP + 2 _w ¢ +J O 9’ _ 0

ot 87; 85 T0J, v 86’
Yo(H) 4+ ¥1(Js, 04, 2, 0,t) alsosolution with growing )4

Several codes de A0 'S e Vlasov equation and determine unstable

v€ll as stability regions. Some can include multi-bunch,
chromaticit see ade detuning and transverse damper, but they all consider
linearised lohgitudinal motion and only dipole wake fields. E.g.

MOSES [Y. Chin, CERN/SPS/85-2 & CERN/LEP-TH/88-05]
NHTVS [A. Burov, Phys. Rev. ST AB 17, 021007 (2014)]
DELPHI [N. Mounet, HSC Meeting, 09/04/2014]

CERN
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Numerical implementation (transverse) I\s"‘s

Ln

Ln+1 _ M 57 Jx . 62 -
( ) M ) x / M(2) [Wa(z = 2") (@) (2)) + Woe(z — 2")x,] d2’

— 0

/ —
:Cn—l—l " 27TREO

Zna1 = Zn — 2T RNy,

5n—|—1 - 5n

Assuming interaction of

bunch with wake lumped
at one or more locations
+ 1-turn (or sector) map

transport

CERN
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Numerical implementation (transverse) I\s"‘s

Ln

0. @)

) 2 M) &2
( T ) = ) Ty — 2nRE, / An(2') Wa (2 = 2" ){(@)n (2") + Woa (2 — 2')zn] d2’

— 0

Zna1 = Zn — 2T RNy,

eVir(2ny1)
Eq

5n—|—1 — 5n +

Usually, the 1-turn transport matrix
is built from the average beta
function along the ring <f,>=R/Q,,
and the tune Q,(9,J,)

The wakes W, and W, are those
from the impedance model (divided
by the number of points, if more
than one)

CERN
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Numerical implementation (transverse) !ﬂ“

Ln

) oy 5..J,) - o2 o0 A
( T ) = ) Ty — m[/_oo A (27) Wa (2 = 2" ) (@) (27) + Woe(z — 2')zn] d2’

y,
Bunch head

Bunch tail

Ngi
Z An(RAzy) (Wi[(m — h)Azp{(x)n(hAz,) + Woz[(m — h)Az,|xy,)
h=m++1
N, is the number of slices in which a bunch is subdivided
m is the slice index where z,,,, is located
Az, ., is the slice width at step n+1
Slicing needs to be fine enough as to sample the wake function
If indirect space charge included, sum runs from 0 to N, and peak
on source slice needs to be resolved correctly

CERN
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Numerical implementation (transverse) lﬂ“

() M(5..7,) , , )
Lnt1 m[/ (2 = 2)(@)n(2) + Wao (2 — 2')zn] d2

J

Bunch head
| U T I T T N Y Y N N T Y A TN O O N |
| I Y T I Y Y O O N T AN Y R R O N N |

P
Bunch tail[1 1 1 1
R

0123 m N,

Z An(RAzy) (Wi[(m — h)Azp{(x)n(hAz,) + Woz[(m — h)Az,|xy,)
h=m+1 For multi-turn wakes
(i.e. preserving memory of the wake over n, turns)

Zt: i )‘n—k:(hAZn—k) (Wa:Km — h)Azn—kz — 2mkR — <Z>n_k; + <Z>n] <£E>n_k(hAZn_k)—|—
k=0 h=m++1

+Woollm — h) Az, — 20kR — (2)n—k + (2)n]Tn)

CERN
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Numerical implementation (transverse) lﬂ“

( Ln+1 ) _/\/l(5 J ) 5
/ — 220 Je) ;€ ~ NIWol s — 2 / 0% o /

Bunch head

An(MmAzy) - Fp (@ — (2)n(MmAz), 02 10 (MAZ))

[— BE
| — linear ||

Space charge force from mt slice can be calculated with
Bassetti-Erskine formula (soft-Gaussian approximation)

oy @
- 1/21/15 340 =30 =20 —io 0 10 20 30 20
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Numerical implementation (transverse) !,S”[s

( Tn+1 ) M(5 7 ) , Ln
/ — 220 Je) ;€ ~ / . / o /
T v = g | e Wl = )(a)o() + Woals = )] d

[ Fe— @@

. 11 I I |
Bunchtaillr v v vv v r v r oo
rrrrrrrrrrrrernrrnruni
0123 m N,
An(MmAzy) - Fp (@ — (2)n(MmAz), 02 10 (MAZ)) ° P
¢ . ©
® ”. r N
Space charge force from mt" slice can be calculated with ® °
2D PIC solver from the macroparticle distribution in the ) ® ® o
slice m (PyHEADTAIL exercise from yesterday!) ® ®
® o
O ® ®

@
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Numerical implementation (transverse) |
51 >0 SN—-1
M M
5, M| a "

At each interaction point
macroparticles in each slice
receive the kick from the
wakes of the preceding
slices.

Slicing is refreshed at each
turn taking into account the
longitudinal motion

Transverse (X)

2
=
o)
o
\ 4

Slicel ———> ———=> |Slicem [—> — — —>|Slice Nj-1

Dipolar:

W, ., = W,(m Az)
Quadrupolar:

VVme = WQx(m AZ)
X, centroid of slice m
X position of particle

CERN
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LD

One-particle models

d Longitudinal plane = Robinson instability
QT Transverse plane = Rigid dipole instability
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LD

One-particle models

d Longitudinal plane = Robinson instability
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he Robinson instability !ﬂ“

— To illustrate the Robinson instability we will use some
simplifications:
= The bunch is point-like and feels an external linear force (i.e. it

would execute linear synchrotron oscillations in absence of the
wake forces)

= The bunch additionally feels the effect of a multi-turn wake

Unperturbed: the bunch executes
synchrotron oscillations at w,

CERN
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he Robinson instability I\ﬂl'.g

— To illustrate the Robinson instability we will use some
simplifications:

= The bunch is point-like and feels an external linear force (i.e. it

would execute linear synchrotron oscillations in absence of the
wake forces)

= The bunch additionally feels the effect of a multi-turn wake

___________________________ L_______.\__________ B e e
The perturbation also ,

changes the oscillation The perturbation changes w,

amplitude N,

Unstable motion

CERN
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he Robinson instability

— To illustrate the Robinson instability we will use some
simplifications:
= The bunch is point-like and feels an external linear force (i.e. it

would execute linear synchrotron oscillations in absence of the
wake forces)

= The bunch additionally feels the effect of a multi-turn wake

\

The perturbation also changes
the oscillation amplitude
Damped motion

CERN
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he Robinson instability

— To illustrate the Robinson instability we will use some
simplifications:

= The bunch is point-like and feels an external linear force (i.e. it

would execute linear synchrotron oscillations in absence of the
wake forces)

= The bunch additionally feels the effect of a multi-turn wake

LD

d?z neVie(2) e?
— — ECYW, — 2 — kCHdZ
dt? * moyC me k_E:OO/ (7' + kC) 1= g )
External RF Wake fields
d?z Ne?n
— —z(t —KTy) — k
2 T Gy k_E_SOO W [2(6) = 2(t = KTp) = kC]

34



he Robinson instability

— To illustrate the Robinson instability we will use some
simplifications:
= The bunch is point-like and feels an external linear force (i.e. it

would execute linear synchrotron oscillations in absence of the
wake forces)

= The bunch additionally feels the effect of a multi-turn wake

d*z Nen
— = W | — z(t — klp) — kC
et S $° Wl = -7 -

k=—o0

We assume that the wake can be linearized on
the scale of the oscillation amplitude

LD

W) [2(t) — 2(t — kTp) — kC| =~ W) (kC') + Wl’l(kC') z(t) — z(t — KTp)]

f/\
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he Robinson instability !,'“

W 2(t) — 2(t — kKTp) — kC]| %M) @) z(t) — z(¢ —kED

= The term = W, (kC) only contributes to a constant term in the solution of the
equation of motlon i.e. the synchrotron oscillation will be executed around a
certain z, and not around 0. This term represents the stable phase shift that
compensates for the energy loss

= The dynamic term proportional to z(t)-z(t-kT,) =kT,dz/dt will introduce a
“friction” term in the equation of the oscnlator WhICh can lead to instability!

2(t) o< exp (—i€dt)

ia > [pwoZ)(pwo) — (pwo + Q) Z) (pwo + Q)]

p=—00

CERN
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he Robinson instability !ﬂ%‘

= We assume a small deviation from the synchrotron tune
= Re(Q - w;) = Synchrotron tune shift

= Im(Q - og) =2 Growth/damping rate, only depends on the
dynamic term, if it is positive there is an instability!

0? — w? ~ 2w, | (Q — wy)

Complex
e ) Nn frequency shift

X
29 TEws

Awe = Re(@ — w2) = (

moc?

X Z [pwolmZ (pwo) — (pwo + we)ImZ) (pwo + ws) ]|

p=—00

2 [©.@)

= Im(Q — w,) = ( ¢ ) N Z (pwo + ws)ReZ) (pwo + ws)

moc?

CERN
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he

1 Q 62
i I — Wg) =
T m ( Ws) (mocz)

Robinson instability

O

Z (pwo + ws)ReZ) (pwo + ws)

p=—00

Nn
29TEws

= We assume the impedance to be peaked at a frequency w, close

= Only two domlnant terms are left in the summation at the RHS of

= Stability requires that  and A[Re Z,(hwy)] have different signs

to hw, >> o, (e.g. RF cavity fundamental mode or HOM

the equation for the growth rate

1CERN§\; ‘

LD

1.07—‘ T T T

081 RelZ.1
Nnhwq : S

| I— |

2
_ € f
7- 1 — 2 2 [I%fBZZTV(J-QJO _+-LL29) __-.LDEJQZH }lCU" - u}S
moc® ) 2715 ws ;
0 . 04

02t Im[Z,]

00/ :
02 J]

: Y
Stability criterion > 7 -'A [nﬁ'Z” (ww‘o)} <

&

ARS /ANS CERN
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he Robinson instability

Stability criterion > 7 - A& [ReZ) (hwo)] < 0

A

(@) wy < hwo | o (b) w, > hwy

A [ReZ” (hwo)] ReZg(@)| [ L. __ 7= " i

L

J hug |- i
hwo—ms h(oo+ms

Figure 4.4. lllustration of the Robinson stability criterion. The rf fundamental mode is detuned
so that wy is (a) slightly below hwg and (b) slightly above hw,. (a) is Robinson damped above
transition and antidamped below transition. (b) is antidamped above transition and damped

below transition.

_

Above transition (n>0) stable unstable

Below transition (n<0) unstable stable

CERN
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he Robinson instability

2

—1 € Nn -
77 =Im(Q —wy) = (mOCQ) T2, Z (pwo + ws)ReZ (pwo + ws)

p=—00

= Other types of impedances can also cause instabilities through the
Robinson mechanism

= However, a smooth broad-band impedance with no narrow structures
on the w, scale cannot give rise to an instability

v Physically, this is clear, because the absence of structure on w, scale in
the spectrum implies that the wake has fully decayed in one turn time
and the driving term in the equation of motion also vanishes

o0 1 00
Z (pwo + ws)ReZ) (pwo + ws) — — / wReZ||(w)dw — 0
0J—-—
p=—00

5
CERN
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LD

One-particle models

QT Transverse plane = Rigid dipole instability
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he rigid bunch instability Islrg

— To illustrate the rigid bunch instability we will use some simplifications:

= The bunch is point-like and feels an external linear force (i.e. it would
execute linear betatron oscillations in absence of the wake forces)

= Longitudinal motion is neglected
= Smooth approximation = constant focusing + distributed wake

— In a similar fashion as was done for the Robinson instability in the
longitudinal plane we want to

= Calculate the betatron tune shift due to the wake
= Derive possible conditions for the excitation of an unstable motion

CERN
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he rigid bunch instability |33"q

QL

— To illustrate the rigid bunch instability we will use some simplifications:

= The bunch is point-like and feels an external linear force (i.e. it would
execute linear betatron oscillations in absence of the wake forces)

= Longitudinal motion is neglected
= Smooth approximation - constant focusing + distributed wake

d2
d;; + (wcﬂ) y=— (mo(;?) Z (s — kCYW, (kC)

Ne 2
0 —wj = Z exp (1kQUTy) Wy (kC)

—1{)s moyC b oo
Y X exp ( . ) :>

e Comes from the definition of Z,
CERN é_/
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he rigid bunch instability |slrg

= We assume a small deviation from the betatron tune
= Re(Q - w;) > Betatron tune shift

= Im(Q - w,) = Growth/damping rate, if it is positive there is an
instability!

O —wg ~ 2wg - (2 — wg)

1 el Im(ZeM) 1
Re (2 —wg) Neée2B,
o 0y S| el O T Zy(peo + wp)
p=—00
_ Ne?j3 =
Im (2 —wg) =7, ' A —2m07Cy2 Z Re [Z, (pwo + wg)]
p=—00

CE[\ N : VS /
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Im

(2 —wp) =

Tl —

he rigid bunch instability

NeQﬁy
2’)7?,0"}/02

ZRe

p=—00

y(pwo + wg))]

= We assume the impedance to be peaked at a frequency w, close
to hw, (e.g. RF cavity fundamental mode or HOM)

1CERN§? ‘

&

ANS CERN

1/21/15

LD

10F
08 Re[Z,]
06/
04
02} lm[Zy]
[ (Dr = h(l)o
00L =
. —
r ”~
02! J}
~041 h
: ! ]
| | | | | | | | | | | | | | |
0 2 4 6 8 10
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he rigid bunch instability mlrg

QL

—1 Ne*f,
Im (2 — wg) =T, ~ _2m0’yC2 Z Re [Z pr —|—w5)]

p——0

= We assume the impedance to be peaked at a frequency w, close
to hw, (e.g. RF cavity fundamental mode or HOM)

= Defining the tune v,=n, + Ay, with -0.5<A; <0.5, we can easily
express the only two leading terms left in lt/he summation at the
RHS of the equation for the growth rate

_ Ne?p
T, 1 _2m07é/2 (Re [Z,(hwo + Apywo)] — Re | Z,, (hwo — Agywo)])

f/\
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he rigid bunch instability mlrg
)])

—1 N625y
Ty

~ — 2m0702 (Re [Zy<hwo + Agywo)] — Re [Zy(hwo — Agywo

(a) w, < hwy | (b) w, > hwy

Zy<w>/N /f\zyw
Nt

| |

| | |

| | |

| i |

| | | |

! ! ! !
Wr  hwg W hwy Wy W

I T YT

Tune above integer

unstable stable
(Aby>0)
Tune below integer
stable unstable
(A, <0)
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Ne? .
Im(Q—wg)=7,"' = ¢ by Z Re [Z, (pwo + wp)

=—00

he rigid bunch instability ml"q
]

N 2
Qmo’}/c »

= We assume the impedance to be of resistive wall type, i.e. strongly
peaked in the very low frequency range (= 0)

= Using the same definitions for the tune as before, we can easily
express the only two leading terms left in the summation at the RHS
of the equation for the growth rate

Re [Z.]

6. L L L L ]
—6 —4 -2 0 2 4 6
CERN
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he rigid bunch instability m}g

= Using the same definitions for the tune as before, we can easily
express the only two leading terms left in the summation at the
RHS of the equation for the growth rate

| |
S

O<A5y<0.5 Epw0—|—w5
|

4

A
o -
5

—(1 = Apgy)w

@)

9l

I
I
i
I
ol |
]
I
I
|
1
1

Always stable
-

. I
-6 | —4

N 2
1A _Qm;% (Re [Z,(Agywo)] — Re[Z, (1 — Agy)wo)]) < 0
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he rigid bunch instability |sl"q

= Using the same definitions for the tune as before, we can easily
express the only two leading terms left in the summation at the
RHS of the equation for the growth rate

| | | | |
6, A A N " I
—0.5 <Ag, <0 | pwo + wg I| Re | | |
4 | | I [Z 1 I I I
; | | 1 il | |
AN | WP N
| | | wo'l |
i | | N |
ol | | | | 1 .
| | Agywg | | 1
S
- : | | | | |
Always unstable : : : : :
: | | | | | ]
' SRR N R SRR | E— . |
-6 -4 -2 | 0 |2 | 4 |6
1 Ne?p,

Ty _ZmO,YCQ (Re [Zy((1 + Agy)wo)] — Re [Zy(—Agywo)]) > 0
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he rigid bunch instability

= Using the same definitions for the tune as before, we can easily
express the only two leading terms left in the summation at the

RHS of the equation for the growth rate

6 | - I | I - I | I I
[ I I | | | |
—0.5 < Ag, <0 pwo + wg I| Re | | i
4l | | | [Z 1 | | I
; | | 1 | |
i I I I I I
2t I I EEN (T 4+ Ao Val I
i This is the reason why most of the running
0 machines are usually operated with a fractional
i part of the tunes below 0.5!
-2 In practice, tunes above the half integer can be

Always unstable

used, if the resistive wall instability is damped
by other mechanisms or efficiently suppressed
with a feedback system

6L
-6

Ne?p,
7- ~ —
Y 2m0’yC2

(CERN%? ‘ @
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I | | | | | | T |
T T T

[—4 -2 |0 |2 | 4 |6

(Re [Z,((1 + Agy)wo)] — Re [Z,(—Apywo)]) >0

USPAS lectures: Wakes & Impedances

LD

51



LD

Two-particle models

d Transverse plane = Strong head-tail instability
QT Transverse plane - Head-tail instability
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Two-particle models

d Transverse plane = Strong head-tail instability
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he strong head-tail instability

— To illustrate TMCI we will need to make use of some simplifications:

= The bunch is represented through two particles carrying half the total bunch charge
and placed in opposite phase in the longitudinal phase space

= They both feel external linear focusing in all three directions (i.e. linear betatron
focusing + linear synchrotron focusing).

= Zero chromaticity (Q', ,=0)
= Constant transverse wake left behind by the leading particle
= Smooth approximation - constant focusing + distributed wake

— We will

= Calculate a stability condition (threshold) for the transverse motion
= Have a look at the excited oscillation modes of the centroid
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he strong head-tail instability

— Toillustrate TMCI we will need to make use of some simplifications:

= The bunch is represented through two particles carrying half the total bunch charge
and placed in opposite phase in the longitudinal phase space

= They both feel external linear focusing in all three directions (i.e. linear betatron
focusing + linear synchrotron focusing)

= Zero chromaticity (Q', ,=0)
= Constant transverse wake left behind by the leading particle
= Smooth approximation - constant focusing + distributed wake

O Particle 1 (+Ne/
2)

O© Particle 2 (+Ne/
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he strong head-tail instability

— Toillustrate TMCI we will need to make use of some simplifications:

= The bunch is represented through two particles carrying half the total bunch charge
and placed in opposite phase in the longitudinal phase space

= They both feel external linear focusing in all three directions (i.e. linear betatron
focusing + linear synchrotron focusing)

= Zero chromaticity (Q', ,=0)
= Constant transverse wake left behind by the leading particle
= Smooth approximation - constant focusing + distributed wake

O Particle 1 (+Ne/
2)

O© Particle 2 (+Ne/
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he strong head-tail instability

= During the first half of the synchrotron motion, particle 1 is
leading and executes free betatron oscillations, while particle 2 is
trailing and feels the defocusing wake of particle 1

1/21/15

NW,
2vC

moc?

e

D0<s < —

y1(s)
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he strong head-talil instabillity m«}s

QL

= During the first half of the synchrotron motion, particle 1 is
leading and executes free betatron oscillations, while particle 2 is
trailing and feels the defocusing wake of particle 1

= During the second half of the synchrotron period, the situation is
reversed

d?y; n (cug)? e? NWy (s)
S = S
ds? c) moc? ) 2vC V2 TC 27c
— << s < —
P , Wi Wi
ds? i c) P



he strong head-talil instabillity le’s

QL

= We solve with respect to the complex variables defined below during
the first half of synchrotron period

= y,(s) is a free betatron oscillation

= Y,(s) is the sum of a free betatron oscillation plus a driven oscillation
with y,(s) being its driving term

. e
Y1,2(8) = y1,2(s) + 2—9,1,2(3)
W

1(5) = 71 (0) exp (‘“"ﬁs)

C

iwgs . Ne*Wy c , (wlg
0
) i dmoycCwg [wg gi(0)sin

Free oscillation term Driven oscillation term
‘CERN ﬁ\;

o)
W
~
+
Nag!
—
=
w
D
"
o)
/|\
~.
SIS
W
N~
| |

f/\;
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he strong head-tail instability !s.‘rs
1 (Z—j) — 41 (0) exp (_ij::ﬁ> 1

. [ TC N LW
5 (—) = 7j2(0) exp (— 5) +
Wg Ws

Ne2W, Comme, W . e 1TW
[l o () 2

1
dmoycCwg W W

= Second term in RHS equation for y,(s) negligible if ws<<wj

= We can now transform these equations into linear
mapping across half synchrotron period

‘( U1 ( iﬂWﬁ) 1 0 71 N
_ =exp | — 1 S
Y2 s=mc/ws Ws ol Y2 s=0

o 7TN62W0
B dmoyCwgws Y,

CE'\ N
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he strong head-talil instabillity !ﬁ"rs

= In the second half of synchrotron period, particles 1 and 2

exchange their roles
= We can therefore find the transfer matrix over the full

synchrotron period for both particles
= We can analyze the eigenvalues of the two particle system

T o 7TN62W0
 4AmyyCwsws
(gjl) (z'2mﬁ><1m><1 0) <y1>

j —oPAT Lo 1) Lir 1) {3
Y2 s=27c/ws Ws ‘ Y2 s=0
<§1> ( z‘2mﬁ) <1T2 iT) <g1>

- — eXp | — . T 1 . -

Y2 s=27mc/ws Ws ‘ Y2 s=0
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he strong head-talil instabillity !s".s

= Since the product of the eigenvalues is 1, the only condition
for stability is that they both be purely imaginary exponentials

= From the second equation for the eigenvalues, it is clear that
this is true only when sin(¢/2)<1

= This translates into a condition on the beam/wake parameters

)\1 . )\2 =1 = )\172 = exp(:l:iqb)

o2 n(2) =X
M+XAN=2-7T = SlIl(z)—2
2
T — miNe W() <9
dmoyCwgws
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he strong head-tail instability !ﬁ"rs

8 /pow
N é Nthreshold — 2@.
we<\ B,

= Proportional to p, = bunches with higher energy tend
to be more stable

= Proportional to o, = the quicker is the longitudinal
motion within the bunch, the more stable is the bunch

= Inversely proportional to 3, > the effect of the
impedance is enhanced if the kick is given at a

location with large beta function | = |nversely proportional to the wake per unit length

along the ring, W,/C - a large integrated wake
(impedance) lowers the instability threshold
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he strong head-talil instabillity !ﬂ".s

The evolution of the eigenstates follows:

- . oy .
Vin —exp [ —i 2mwg o). &P [—2@ arcsin (5) - n} | O. . Y+0
V_n W 0 exp [22 arcsin (5) : n} V_o

. - W . T They shift with
Eigenfrequencies:  wg + lw, £ — arcsin 5 increasing intensity

wa 00—~ R R R B B
ws [ T — — —arcsin — |
02 ~ We T 2
I =0 ~—_ s i
04| \ Unstable
I region
06| ," |
L "”,¢
08 | = -1 =" 1 |
- (UB 1 . 1
e — — 1+ — arcsin —
ole===mTT YT A
00 0.5 1.0 1.5 2.0 2.5 T 3.0
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Eigenfrequencies:

—1.0

Vo, ) - P (‘

he strong head-tail instability

The evolution of the eigenstates follows:

,271'005

(4

Ws

( exp [—2@' arcsin (

0

T

2

) -]

exp [Zi arcsin (%) : n}

That'’s the reason why this type of instability is
called Transverse Mode Coupling Instability!

7—\

EARS JANS CERN

Ws . T They shift with
wg + lws £ OIS increasing intensity

. \ wg 1 0 7

i \\ T = ; arcsin 7 |
=0 T~ R -

\ Unstable
p region

I — _1 ‘—;‘—ﬂ—f‘ . 1 T i

________ -4 S + —arcsin — |

;r —————— wS T‘- 2 |

‘ 20 2.5 3.0
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he strong head-tail instability

= For a real bunch, modes exhibit a more complicated shift pattern

= The shift of the modes can be calculated via Vlasov equation or can
be found through macroparticle simulations

& HEADTAIL

2 —
Simplified calculation
for a short bunch

Pt reetevere,. .

L LT
‘s

0.2 0.3
Iy [HLA]

Full calculation for a relatively long SPS bunch (red
lines) + macroparticle simulation (white traces)
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0.5

3 3 ]
° 2 ."0“"
0.4 g & %% A .°. ,,,,,,,,,,
‘j .“‘ 0.0
\" . S oe®e ‘
—~~ 03_ 8, 0 L R RS PSSR
N
>
2
“02r /o

e Q26 - stable
e Q26 - unstable

0 1 2 3 4 )
Intensity (p/b) x 10"

f/\
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The strong head-tail instability !ﬁ”(s
)

50
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]\7 (t) 1000 —
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Two-particle models

QT Transverse plane - Head-tail instability
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he head-tail instability |slrg

= As for the TMCI, during the first half of the synchrotron motion,
particle 1 is leading and executes free betatron oscillations, while
particle 2 is trailing and feels the defocusing wake of particle 1

= During the second half of the synchrotron period, the situation is
reversed

[ Py [ws(L 886D
y1 =0
ds? c —
0<s < —
9 2\ NW, -
d’y> | Tws(l+&,5(s)) € 0
is? ' [ ] T (moc2> e V)

\ N,
\

Difference! - now the frequency of free oscillation
is modulated by the momentum spread, &(s)
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he head-tall instabllity

= Similarly to the solution for the Strong Head Tail Instability,
we obtain the transport map

(n) () ()0 )
Y2 s=2mc/ws 1 0 Y2 s=mc/ws 21 1

TNe2W, A&, wpz
T = ]+ —2F Complex number!
dmoyCuwaws men
Weak beam intensity: > 4 Ax = exp(£:iT)
+ e ,
‘T‘ < 1 mode is “in-phase” mode - the two

particles oscillate in phase (w;)

K(oo[3 + ()

=

= mode is “out-phase” mode - the two

particles oscillate in opposition of phase

/

f/\
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he head-tall instabllity

= Inversely proportional to p, = bunches with higher energy
tend to be less affected by impedances

= Proportional to N - the more intense is the bunch, the
more sensitive it is

= Proportional to bunch length - this depends on the
chosen shape of the wake

= Proportional to § > higher chromaticity enhances the
head-tail effect

= Inversely proportional to - faster synchrotron motion
stabilizes (lowest rise times close to transition crossing!)

= Proportional to the wake per unit length along the ring, W,/C

—> a large integrated wake (impedance) gives a stronger effect
CERN @
. 1/21/15
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he head-tail instability |slrg

62 ny,% WO

T_lzIm(ﬂ:T-&)::F

2T 2T pon C
Mode 0O (1)
Above transition (n>0) damped unstable
Below transition (n<0) unstable damped
Mode 1 (—)
Above transition (n>0) unstable damped
Below transition (n<0) damped unstable
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he head-tall instabllity

- The head-tail instability is unavoidable in the two-particle model
- Either mode 0 or mode 1 is unstable
- Growth/damping times are in all cases identical

- Fortunately, the situation is less dramatic in reality

- The number of modes increases with the number of particles we consider in the model
(and becomes infinite in the limit of a continuous bunch)

- The instability conditions for mode 0 remain unchanged, but all the other modes
become unstable with much longer rise times when mode 0 is stable

Mode O

Above transition (n>0)

Below transition (n<0)

Q| &2

EARS /ANS CERN

1
> 5 =0
damped unstable Tl
[=—0o0
unstable damped
All modes >0
Above transition (n>0) unstable damped
Below transition (n<0) damped unstable
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he head-tall instabllity

- The head-tail instability is unavoidable in the two-particle model
- Either mode 0 or mode 1 is unstable
- Growth/damping times are in all cases identical

- Fortunately, the situation is less dramatic in reality

- The number of modes increases with the number of particles we consider in the model
(and becomes infinite in the limit of a continuous bunch)

- The instability conditions for mode 0 remain unchanged, but all the other modes
become unstable with much longer rise times when mode 0 is stable

- Therefore, the bunch can be in practice stabilized by using the settings that make
mode 0 stable (§<0 below transition and £>0 above transition) and relying on feedback
or Landau damping (refer to W. Herr’s lectures) for the other modes

- To be able to study these effects we would need to resort to a more detailed
description of the bunch

- Vlasov equation (kinetic model)
-  Macroparticle simulations
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The head-tail instability Iqj‘g
A glance into head-tail mode I

Different transverse head-tail modes correspond to different parts of the bunch
oscillating with relative phase differences. E.g.

- Mode 0O is a rigid bunch mode
- Mode 1 has head and tail oscillating in counter-phase
- Mode 2 has head and tail oscillating in phase and the bunch center in opposition

(b)
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The head-tail instability Iqj']
How a BPM detects head-tail modes |

‘-0)"\'*"‘ Q'#0
TTRANOKRS
& =0 > {‘2{'/‘”&’4 ;\’l A’:'/:,’/:"\

SN NNWNNY XS
SO X XY “'/,'
«‘A&\f&.‘»’/""
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The head-talil instabillity Isulg
Experimental observations (historical)

Observation in the CERN PSB in ~1974
(J. Gareyte and F. Sacherer) Observation in the CERN PS in 1999

The mode that gets first excited in the machine depends on
-  The spectrum of the exciting impedance
- The chromaticity setting

Head-tail instabilities are a good diagnostics tool to identify and quantify the
main impedance sources in a machine

5
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The head-tail instability I nlzs
Experimental observations J

* Higher order head-tail modes (/>1) are usually stabilized by tune spread and/or active feedback.

However, if a high intensity beam stays in a machine long enough without sufficient tune spread
and without feedback, these modes can also slowly grow.

* For example, a high intensity bunch becomes unstable in the CERN-PS over 1.2 s due to resistive
wall

ﬁ
CERN j
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The head-tail instability I
Experimental observations ) ] |

* The fundamental mode of a head-tail instability can be simulated to have a detailed
look at the instability evolution for different chromaticity values (assuming the SPS
parameters and a simple broad band model for the impedance)

= Simulations reproduce what is observed in the machine!
= Plots show three consecutive traces of the centroid signal along the bunch while
the instability is growing

HEADTAIL simulation, £,=-0.2 Measurement at the SPS (06.08.2007), & ,=-0.2

0.02

0.015+

0.01

0.005

Delta Signal Amplitude [V]

-0.0051

-0.01

-0.0151

-0.024

i " " L : -0.0251
8.5 9 9.5 10 10.5 11 11.5 8.5 9 9.3 10 10.5 1 115

t (ns) time [ns]

CERN
@ ‘ 6-/ 1/21/15 USPAS lectures: Wakes & Impedances 80

(a.u.)
M A O N 4 O 24N W A



The head-talil instabillity
Experimental observations

* Different values of chromaticity...

HEADTAIL simulation, &=-0.5 Measurement at the SPS (06.08.2007), &,=-0.5

1.5 i
>
1} :
Z
g
0.5 | £
. 8
3 ot z ]
= a b
-0.5
1 F
1'5 - . * N * T T T T T T
8.5 9 9.5 10 10.5 11 11.5 9 95 10 105 11 115
t (ns) time [ns)
. HEADTAIL simulation, &,=-0.6 Measurement at the SPS (06.08.2007), § =-0.6
s
@ 0.034
3t H
2 0.021
L E
2 < 001 /\
1} NN \
g ot i-nm- \
1t -0.02
2} -0.03
3 -0.04-
-0.05
_4 A L 1 1 L T T T T T
8.5 9 95 10 10.5 11 11.5 83 . A Lt 103 i
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The head-talil instabillity
Experimental observations

* Different values of chromaticity...

HEADTAIL simulation, §y=-0.7
15 . . . : . Measurement at the SPS (06.08.2007), §,=-0.7

(a.u.)
Delta Signal Amplitude [V]

8.5 9 9.5 10 10.5 11 1.5 9 95 10 105 1 115
t (ns) time [ns]

0.08 Measurement at the SPS (06.08.2007), §y=—0.8
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u. \ \
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