
Perturbation Formalism



Outline

1. Introductory concepts
o Collective effects
o Transverse single particle dynamics including systems of many non-interacting 

particles 
o Longitudinal single particle dynamics including systems of many non-interacting 

particles

2. Space charge
o Direct space charge (transverse)
o Indirect space charge (transverse)
o Longitudinal space charge



Outline

3. Wake fields and impedance
o Definition of beam coupling impedance
o Examples – resonators and resistive wall
o Energy loss
o Wake function and wake potential
o Impedance model of a machine

4. Instabilities – few-particle model
o Equations of motion
o Longitudinal plane: Robinson instability
o Transverse plane: rigid bunch instability, strong head-tail instability, head-tail 

instability



Outline

5. Instabilities – kinetic theory
o Introduction to Vlasov equation and perturbation approach
o Vlasov equation in the longitudinal plane
o Vlasov equation in the transverse  plane
o Oscillation modes, shift with intensity, instability



January 2015 USPAS – perturbation formalism 5/64

Hamiltonian systems
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Hamiltonian systems

Exercise: prove this. Can you also show this just 
using the algebraic properties of the Poisson 
bracket?
Hint: In particular, the Poisson bracket acts as a 
derivation.
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Poisson brackets
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Multi-particle systems
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Single particle PDF
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Single particle PDF
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Single particle PDF
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Single particle PDF
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Vlasov equation
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Potential well distortion
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Potential well distortion

Haissinki-equation:
It is transcendental and needs to be solved numerically. The perturbed 
stationary solution is a result of the potential-well distortion which is the 
zeroth order effect from the wake fields.
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Potential well distortion

Above transitionBelow transition

The line density as a function of total bunch charge for the 
example of a Gaussian beam distribution and a purely resistive 
impedance

● From pure energy balance 
considerations we can already 
infer how the bunch will readjust 
in the  RF bucket

● To compensate for the energy 
loss, the bunch will adjust the 
stable phase in the RF bucket – 
towards the tail of the bunch 
below transition and towards the 
head of the bunch above 
transition
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Synchroton tune shift due to a wake
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SPS tune shift measurements
● The potential well leads to an intensity dependent tune shift which can be 

measured to probe the imaginary part of the impedance

● The technique uses the quadrupole oscillations of a bunch injected with a 
mismatch

● Qs can be extrapolated from bunch length or peak amplitude measurements

Evolution of the imaginary part of the machine impedance 
(E. Shaposhnikova, T. Bohl, J. Tuckmantel) over time
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Vlasov eq. – perturbation approach



January 2015 USPAS – perturbation formalism 20/64

Vlasov eq. – perturbation approach
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Vlasov eq. – perturbation approach

Potential well distortion 
– can be absorbed in a 
redefinition of psi_0

Potential well perturbation – 
neglected as it is not essential 
for the mechanism of collective 
beam instabilities
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Vlasov eq. – perturbation approach
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Vlasov eq. – perturbation approach

Unperturbed solution known
– cancelation
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Vlasov eq. – perturbation approach

Unperturbed solution known
– cancelation

Second order in perturbation
– neglected
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Vlasov eq. – perturbation approach
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Vlasov eq. – 1-dimensional system
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Vlasov eq. – 1-dimensional system
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Vlasov eq. – 1-dimensional system

We now need to evaluate the two 
Poisson brackets using the distribution 
functions and the Hamiltonians we 
have developed



January 2015 USPAS – perturbation formalism 29/64

Vlasov eq. – 1-dimensional system
Step #1: evaluate first Poisson bracketStep #1: evaluate first Poisson bracket
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Vlasov eq. – 1-dimensional system
Step #1: evaluate first Poisson bracketStep #1: evaluate first Poisson bracket
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Vlasov eq. – 1-dimensional system
Step #2: evaluate second Poisson bracketStep #2: evaluate second Poisson bracket
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Vlasov eq. – 1-dimensional system
Step #2: evaluate second Poisson bracketStep #2: evaluate second Poisson bracket
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Vlasov eq. – 1-dimensional system
Step #3a: Φ decomposition of f1Step #3a: Φ decomposition of f1
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Vlasov eq. – 1-dimensional system
Step #3a: Φ decomposition of f1Step #3a: Φ decomposition of f1
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain

Frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3b: frequency domainStep #3b: frequency domain
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Vlasov eq. – 1-dimensional system
Step #3c: r decomposition of f1Step #3c: r decomposition of f1
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Vlasov eq. – 1-dimensional system
Step #3c: r decomposition of f1Step #3c: r decomposition of f1
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Vlasov eq. – 1-dimensional system
Step #3c: r decomposition of f1Step #3c: r decomposition of f1
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Vlasov eq. – 1-dimensional system
Step #4: formulate eigenvalue problemStep #4: formulate eigenvalue problem
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Vlasov eq. – 1-dimensional system
Step #4: formulate eigenvalue problemStep #4: formulate eigenvalue problem
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Discussion of the EV problem
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A simple picture of the modes
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A simple picture of the modes
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A simple picture of the modes
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Tune shift and instabilities

● For low intensities, we can fix the 
azimuthal mode number l

● Each mode l will have rays of 
radial modes shifting linearly with 
the intensity
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Tune shift and instabilities

● For low intensities, we can fix the 
azimuthal mode number l

● Each mode l will have rays of 
radial modes shifting linearly with 
the intensity

● The tune shift is given by the 
overlap integral of the imaginary 
part of the impedance with the 
mode power spectrum. 
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Tune shift and instabilities

● For high intensities, azimuthal 
modes can couple. The azimuthal 
mode number can no longer be 
treatet as a constant but becomes 
part of the interaction matrix

● The tune shift with intensity is no 
longer linear. When the azimuthal 
modes couple, the eigenvalues 
become imaginary and the beam 
becomes unstable. This is know as 
the mode coupling or microwave or 
turbulent instability
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Instabilities measurements

● Initialising a matched bunch at low 
intensity, two regimes are found

● Bunch lengthening/emittance blow 
up regime with linear increase of 
the bunch length as a function of 
the bunch intensity

● Unstable regime (turbulent bunch 
lengthening)

Potential Well 
Bunch Lengthening

regime

Microwave
Instability
regime

Mode coupling threshold which we will discuss 
after having introduced the transvers plane
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Instabilities measurements
● Examples of numerical simulations of a debunching bunch with an SPS impedance 

model

● The microwave instability on a debunching bunch is used at the SPS for probing the 
machine impedance   (E. Shaposhnikova, T. Bohl, H. Timkó, et al.)

● Spectrum of bunch profile reveals important components for the impedance
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Some remarks on the EV problem

● Before studying some consequence of the EV problem, we 
will now add the transverse plane, thus, moving to the 2-
dimensional problem.
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Summary

● We have reviewed some basic Hamilton mechanics and obained the 
Vlasov equation

● We have introduced a collective part of the Hamiltonian that describes 
the interaction with wakefields

● This directly lead to the potential well distortion of the stationary solution
● We have introduced a perturbation on the stationary solution and used 

the Vlasov equation to obtain a system of equations that describes the 
time evolution of this perturbation

● After a lengthy set of algebraic manipulations we derived the interaction 
matrix and its implications on the complex tuneshift
– We identified intrabunch modes
– We identified how modes interact with impedances to generate tune shifts
– We identified how modes can couple to generate instabilities
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THE END
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